Abstract. We construct exact sequences of invariant differential operators acting on sections of certain homogeneous vector bundles in singular infinitesimal character, over the isotropic 2-Grassmannian. This space is equal to G/P , where G is Sp(2n, C), and P its standard parabolic subgroup having the Levi factor GL(2, C)×Sp(2n−4, C). The constructed sequences are analogues of the Bernstein-Gelfand-Gelfand resolutions. We do this by considering the Penrose transform over an appropriate double fibration. The result differs from the Hermitian situation.
Introduction and preliminaries
The BGG (Bernstein-Gelfand-Gelfand) complexes first appeared as certain resolutions of irreducible finite dimensional g-modules by a direct sums of generalized Verma modules of fixed type (g, p), where p ⊆ g is a parabolic subalgebra of a complex semisimple Lie algebra ( [BGG75] , [Lep77] ). The highest weights of the generalized Verma modules appearing in the resolution are exactly the Levi-dominant elements in the affine Weyl group orbit of the highest weight of the resolved module.
In the dual geometric picture (Remark 1), BGG complexes were studied by Čap, Slovák and Souček ( [ČSS01] ). They constructed BGG complexes in a very general theory of "curved" parabolic geometries. In the flat model for this theory (homogeneous space G/P , where P ⊆ G is a parabolic subgroup of a complex semisimple Lie group), their construction yields a locally exact resolution of the constant sheaf over G/P defined by a finite dimensional G-module, by direct sums of homogeneous vector bundles and invariant differential operators; essentially dual to the one in [Lep77] . The BGG complexes show up in many different areas of mathematics ([Eas99] ). For example, the BGG complex for the trivial G-module appears as a subcomplex of the holomorphic de Rham complex, and coincides with it precisely when G/P is a Hermitian symmetric space.
One important requirement in the constructions mentioned above is that the modules are of regular infinitesimal character, so the resolved module is a finitedimensional one. There are no general constructions of analogous resolutions in a singular infinitesimal character. A serious obstacle there is a lack of the so called standard operators. The non-standard operators have not been classified yet, not even in regular infinitesimal character, except in some special cases (e.g. [Mat06] ).
The question of existence of such resolutions in singular infinitesimal character, at least in principle, is settled for all Hermitian pairs (also known as |1|-graded, i.e. parabolics whose nilpotent radical is abelian), by the Enright-Shelton theory ( [ES87] ). However, from this theory it is not clear how to construct the operators appearing in the resolutions. It turned out that the Penrose transform (as in [BE16] ) is a particularly useful tool for the construction of such operators, as observed by Baston in [Bas92] , by working on (singular) quaternionic complexes. In [PS17] , Pandžić and Souček constructed singular BGG complexes in type A, for all maximal parabolics, i.e., all complex Grassmannians. In [Mrđ17a] , the author obtained analogous resolutions over the Langrangian Grassmannian, in a semi-regular infinitesimal character. All these cases above are Hermitian. It is visible from the construction that either the whole singular orbit makes a BGG complex, or (if the long simple root is singular) the orbit decomposes into two subsets, giving two disjoint BGG complexes, as predicted by the Enright-Shelton theory.
It would be of interest to provide singular BGG complexes for all maximal parabolics in type C. However, all but one are |2|-graded, hence the situation is much more complicated than in the Hermitian cases. In particular, the EnrightShelton theory is not applicable.
This paper deals with the isotropic 2-Grassmannian, with respect to a skewsymmetric form. This is a (quotient by a) maximal parabolic subgroup in type C, denoted by . Also, it is the flat model for quaternionic contact geometries ([ČS09, 4.3.3.]). The main result, Theorem 5, gives the BGG complexes in many singular infinitesimal characters, which cover almost all types of singularities for this space. The exactness over the big affine cell is proved. The construction of the non-standard differential operators appearing in the resolutions is also described. It turns out that our singular orbits consist of two BGG complexes that have an object in common, in contrast to the Hermitian situations.
The question of existence of BGG complexes is closely related to classification of Kostant modules ( [BH09] , [EHP14] ), which is solved only in the Hermitian cases. Also, BGG complexes are closely related to the Cousin complexes, as in [Mil] . For other similar results in a higher grading, see [KS06] , [Sal18a] , [Sal18b] .
1.1. Preliminaries. Let G be a semisimple complex Lie group, connected and simply connected, g its Lie algebra, h its fixed Cartan subalgebra, and ∆ + (g, h) a fixed set of positive roots. The half sum of all the positive roots will be denoted by ρ. For an element w ∈ W g of the Weyl group, denote by l(w) the length of w, i.e., the minimal number of simple reflections required to obtain w. For w, w ′ ∈ W g we write w
where σ α is the reflection with respect to α), for some α ∈ ∆ + (g, h), not necessarily simple. We often write only w −→ w ′ . In this way, W g becomes a directed graph. Besides the standard action of W g on h * , we also need the affine action: w · λ = w(λ + ρ) − ρ. In fact, we will almost always write weights in the ρ-shifted coordinates, and apply the standard action of W g .
Fix a standard parabolic subalgebra p = l ⊕ u (the Levi decomposition) of g. The Hasse diagram of p, denoted by W p , is the full subgraph of W g consisting of all elements in W g that map g-dominant weights to l-dominant ones (or equivalently, that map ρ to a l-dominant weight). For a g-integral and l-dominant weight λ, we write F p (λ) for the finite-dimensional, irreducible representation of l with highest weight λ, and with u acting by 0. We write E p (λ) for its dual. The same notation is used for the group representations.
Given a finite-dimensional holomorphic representation π : P → End(V ), we can form the homogeneous holomorphic vector bundle G× P V → G/P . Its holomorphic sections correspond to V -valued holomorphic functions on open subsets of G that are P -equivariant, and they make up a homogeneous sheaf. For V = E p (λ), this sheaf is denoted by O p (λ). By an invariant differential operator we will mean a 
where the left-hand side denotes invariant differential operators. See [ČSS01, A] . The correspondence enables us to study invariant differential operators via algebraic and representation-theoretic machinery.
Theorem (Bernstein-Gelfand-Gelfand-Lepowsky, Čap-Slovák-Souček). For any gintegral and g-dominant weight λ, there is a locally exact sequence on G/P resolving the constant sheaf defined by E g (λ), called the (regular) BGG resolution:
The morphisms are the direct sums of the standard operators
The modules in the theorem above are all of infinitesimal character λ + ρ, hence regular. We are interested in finding the analogues of the above theorem in singular infinitesimal characters. 
where ǫ i denotes the projection to the i-th coordinate. The set Π of the simple roots consists of short roots α i = a i,i+1 for i = 1, . . . , n − 1, and the long root
In this paper we only work with integral weights. The half sum of all positive roots is ρ = (n, n − 1, . . . , 1). The simple reflection σ aij acts on h * by transposition of the i-th and the j-th coordinate, σ bi changes sign of the i-th coordinate, and σ cij acts as transposition and sign changes on the i-th and the j-th coordinates. So, the Weyl group acts by permutations and sign changes of the coordinates. A weight is regular if and only if it does not have two coordinates with the same absolute value, and all the coordinates are non-zero; otherwise it is singular. A singular weight is called semi-regular, if it is orthogonal to only one simple root.
Parabolic subgroups/subalgebras will be given by crossing some nodes on the Dynkin diagram for g. The root vectors corresponding to the uncrossed nodes and their negatives, and the Cartan subalgebra, generate the Levi factor l. The root vectors of the positive roots not contained in ∆(l, h) generate the nilpotent radical u. In this way we get a standard parabolic subalgebra p = l ⊕ u. The corresponding parabolic subgroup P is defined as the normalizer of p in G. There is also the opposite nilpotent radical u − , consisting of root subspaces opposite to those in u. Then, we have g = u − ⊕ l ⊕ u. Weights for the Levi factor can be written as ntuples again, but for every crossed node α i in the Dynkin diagram for the parabolic subalgebra, we will put a bar after the i-th coordinate of the weight. This is a good mnemonic for keeping track of the dominance condition for the Levi factor: there is no condition on the order of an adjacent pair of coordinates if there is a bar between these coordinates. But the coordinates have to descend in each group, and also be strictly positive in the last group. If there is a bar after the last coordinate, then there is no positivity condition.
Suppose P ⊆ G = Sp(2n, C) is a standard parabolic subgroup, say it has crosses on the positions k 1 , . . . , k s in its Dynkin diagram. A geometric realization of the generalized flag manifold G/P is given by
the space of isotropic partial flags of type (k 1 , . . . , k s ). Here V is (the space of) the standard representation of Sp(2n, C).
In a special case when P is a maximal parabolic subgroup, say it has a cross on the position k, G/P is realized as the space of all k-dimensional isotropic subspaces in V , also known as the isotropic k-Grassmannian, and denoted by iGr(k, 2n).
1.3. Isotropic 1-Grassmannian. Let us first consider p = . The regular Hasse diagram W p is easily found using [ČS09, Proposition 3.2.14.]. Here we give the orbit W p ρ, including the "arrow" relation, and therefore also the (ρ-shifted) weights parametrizing the BGG resolution over iGr(1, 2n) in the infinitesimal character ρ:
All the operators in the resolution are of order one except (1 | . . .) → (−1 | . . .), which is of order two.
An infinitesimal character can be singular if its g-dominant representative has some repeated coordinates, or if it has a zero among its coordinates. Such a weight can have a strictly l-dominant g-conjugate only if it is semi-regular, that is, exactly one pair of coordinates coincide, or there is exactly one zero coordinate (but not both). Considering only minimal integral weights (only for notational purpose, the same calculation works for any semi-regular infinitesimal character), these are:
and their strictly l-dominant conjugates are the following:
, the corresponding generalized Verma module is simple (there are no other strictly l-dominant conjugates). But in principle, there could be a homomor-
However, a simple calculation using Jantzen simplicity criterion shows that these modules are in fact simple, so such a homomorphism is trivial (see [Mat06] ). By Remark 1, as a consequence we have:
Corollary 2. There are no non-trivial singular BGG complexes over iGr(1, 2n).
Note that G/P ∼ = iGr(1, 2n) is diffeomorphic to the complex projective space P 2n−1 , because our form is skew-symmetric. But it is not isomorphic to it as a homogeneous space. The space iGr(1, 2n) is the flat model for projective contact geometries ([ČSS01, 4.2.6.]).
Regular and singular orbits
From now on, we fix the standard parabolic subalgebra
which has the Levi factor l = gl(2, C) ⊕ sp(2n − 4, C), and the following roots: 
Note that the roots b 1 , b 2 and c 12 in ∆(u) have the property that the crossed simple root appears twice in their decompositions. Because of this, u is not abelian, and G/P ∼ = iGr(2, 2n) does not have a structure of a Hermitian symmetric space. However, there is a |2|-grading of g, given by the eigenspaces of the grading element E = (1, 1, 0 
We now describe the regular Hasse diagram W p for this parabolic subalgebra, by giving the l-dominant part of the orbit of ρ under the Weyl group, respecting the "arrow" relation. First note that if wρ = (µ 1 , µ 2 | µ 3 , . . . , µ n ) is l-dominant, then µ 1 , µ 2 ∈ {±1, ±2, . . . , ±n}, µ 1 > µ 2 , µ 1 = −µ 2 , and the rest of the coordinates are completely determined, since they must be strictly decreasing and positive. By projecting the orbit onto the first two coordinates, we get the picture in Figure 1 . In each square or hexagon, parallel arrows have the same label, which stands for the reflection in the definition of the "arrow" relation. The picture appeared already in [BC85] . The details can be found in [Mrđ17b, 4.3] . Recall again that this also gives the BGG resolution over iGr(2, 2n) in the infinitesimal character ρ. Short arrows represent operators of order one, and longer arrows represent operators of order two. The resolution has the same shape in all other regular infinitesimal characters, but orders of the operators are higher in general. -orbit need to be strictly l-dominant. Since such weights do not define a homogeneous sheaf or a generalized Verma module, we ignore them. We consider only the strictly l-dominant part of the W p -orbit of λ + ρ, and call it the singular orbit of the singular weight λ + ρ. Some of the standard operators in the singular orbit become zero maps, and some become identities.
The purpose of this paper is to construct invariant differential operators that connect some of the connected components of the singular orbits, and to prove that certain sequences that include our constructed operators are exact. We will do this under the hypothesis that our infinitesimal character is semi-regular, and not orthogonal to the long simple root.
Remark 3. Minimal semi-regular infinitesimal characters not orthogonal to the long simple root are given in (3). We will work only with these minimal ones, but the reader can notice that for our calculations the minimality is not necessary; only the ordering among the coordinates plays a role, and not their actual values. Alternatively, one can apply Jantzen-Zuckerman translation functors (see [Bas85, 3.7] ) to obtain the result in non-minimal infinitesimal characters from the result in the minimal case.
For visual purpose, we put every strictly l-dominant weight w(λ + ρ) in the coordinate system, with the same coordinates as w ∈ W p had in Figure 1 . Note that in this coordinate system, the coordinates of w(λ + ρ) do not have to correspond to its first two coordinates in h * . But whenever we refer to an element of the singular orbit (or a homogeneous sheaf, or a generalized Verma module) as an µ 2 ) , where
Proof. The formula (7) is clear. A strictly l-dominant weight in the orbit cannot have both coordinates k on the right-hand side of the bar. If k = 0, then it cannot be on the right-hand side of the bar. The rest is easy checking of all the possibilities, and finding these possibilities in Figure 1 . In Figure 4 , in principle there are the standard operators (µ 1 , 1) → (µ 1 , −1) and (1, µ 2 ) → (−1, µ 2 ). Also, in Figure 5 there is the standard operator (1, 0) → (−1, 0). But all of them are actually trivial, due to [Bas85] (Theorem C in 3.5 and Theorem A in 3.6), so these arrows are omitted.
Note that if we choose for each pair of equal points in the orbit the one that is upper or to the right, and consider the corresponding Hasse diagram element, we get the singular Hasse diagram S W J in the sense of [BN05] , where S = Π \ {α 2 } and J = {α k }. 
which are non-standard and of order two. Moreover, the following sequences of homogeneous sheaves and invariant differential operators are exact (in positive degrees) over the big affine cell in iGr(2, 2n):
All other arrows above represent the standard operators. Finally, for k = n − 1, the following sequences are exact over the big affine cell in iGr(2, 2n) (no non-standard operators are needed here):
The sequences in Theorem 5 should be thought of as analogues of BGG resolutions in singular infinitesimal characters. They resolve the solution spaces of certain partial differential equations, the kernels of the first operator in each resolution. We will describe these operators later. These sequences will be referred to as the positive ( (10), (14) and (16)) and the negative( (11), (15) and (17)) singular BGG complexes. Note that the object (k, −k) always appears in both the positive and negative BGG complex. The analogous results hold in non-minimal cases (see Remark 3), but of course the orders of the differential operators are higher.
Proof. Consider the Penrose transform over the following double fibration:
For details about the Penrose transform, the reader can consult [BE16] . Choose an open subset X ⊆ G/P (the big affine cell, or a ball or a polydisc inside it), and define Y = τ −1 (X) and Z = η(Y ), so that we have the restricted double fibration:
The left-hand side of each of the fibrations is usualy called the twistor space, and the upper one the correspondence space. Start with the strictly r-dominant weight
(already defined in (5), but we ease notation here), and consider the homogeneous sheaf O r (λ) on the twistor space. We use the same notation for sheaves on (18) and their restrictions to (19). The topological inverse image sheaf η −1 O r (λ) is constant on the fibers of η, so it admits a locally exact G-invariant resolution by homogeneous sheaves on G/Q, the so called relative BGG resolution. This is just the regular BGG resolution on each fiber. Since η −1 (eR) ∼ = α2 αn , our relative BGG resolution is just (2) in rank n − 1, while the first coordinate is kept fixed. More precisely, the sequence with the following (ρ-shifted) parameters resolves η −1 O r (λ):
Let us denote the p-th term in the above sequence by ∆ p η , starting from p = 0. The next step in the Penrose transform is to calculate higher direct images via τ , denoted by τ i * , of the sequence (21). This is done using the (relative version of the) Bott-Borel-Weil theorem, which in our situation reads (in the ρ-shifted coordinates):
. Consider the generic case 1 < k < n − 1. Applying (22) to (21) 
Here both indices p and q start from 0, and all the arrows are standard operators. Note that this is almost (10). The construction of the missing non-standard operator (8) is done similarly as in the proof of [Mrđ17a, Theorem 17]; we describe it here. Consider the part of the Čech bi-complex that calculates the higher direct images of (21): We will define the operator (8) on the representatives of the vertical cohomology classes. Take a cocycle x ∈Č
k is a cocycle. Since the vertical cohomology is trivial, it follows that 
where the only non-trivial morphism is induced from the just defined operator (8).
Deriving once more yields E pq 3 = E pq ∞ (there are no more non-trivial morphisms). The main property of this spectral sequence is that it converges to the cohomology on the twistor space (see [BE16, 9 .1]):
From this, and Lemma 6 bellow, we see that if X is the big cell, all the bullets in (24) are 0 and the arrow is an isomorphism. Hence the sequence (10) is exact in positive degrees, and resolves Ker
The order of an invariant differential operator is bounded by the difference of the generalized conformal weights (that is, the defining weight applied to the grading element) in the domain and the codomain, which is in our case 2. See [Fra08] .
Completely the same arguments, but starting from the weight
give (9) and (11). The proof for the boundary cases k = 1 and k = n − 1 is similar.
Lemma 6. Let X ⊆ iGr(2, 2n) be the big affine cell, and Z the corresponding twistor space as in (19) . For any coherent sheaf F on Z we have
Proof. It is enough to cover Z with two affine open subsets; the claim will then follow from Cartan's theorem B and Mayer-Vietoris exact sequence. The canonical coordinates on the big affine cell are given by the composition u
). Recall (6), and note that the negative root vectors give a coordinate system on u − ; we write them as the corresponding roots.
Then the composition above gives the following coordinates on X: 
Denote the columns above by C 1 and C 2 . The matrix (26) represents the subspace span C {C 1 , C 2 } ∈ iGr(2, 2n) (in a fixed symplectic basis). The space G/Q can be modeled as the space of isotropic flags of type (1, 2) (as in (1)), and then the maps η and τ become projections to the first and the second component respectively. So the twistor space Z = η(τ −1 (X)) ⊆ iGr(1, 2n) consists of all the lines passing through at least one plane of type (26):
We claim that this is equal to (28) ). Because in (27) we can take α = 1 or β = 1, the inclusion Z ⊆ Z ′ is clear. To see the converse, take γ with γ 1 = 1 (it is similar for δ). Then 1 C 1 + γ 2 C 2 = γ for the following values of the coordinates:
3.1. Description of d 1 . Each of the singular BGG complexes resolves the kernel of a certain invariant differential operator (the first operator in the complex) that we called d 1 . This kernel turned out to be isomorphic to certain cohomology on the twistor space. Here we will describe these operators for the minimal cases, in terms of maximal vectors of the corresponding generalized Verma modules.
Recall that an invariant differential operator d :
, which in turn, is completely determined by the image of the highest weight vector 1⊗v µ . This image must be a maximal vector v max ∈ M p (λ) of weight µ, that is, annihilated by all the positive root vectors. This is computable in particular cases, but not in general. To go back from f to d, take a section of O p (λ). Such a section corresponds to a P -equivariant E p (λ)-valued function s defined locally on G (suppose around e, without loss of generality). Take v ∈ F p (µ), and write f (1 ⊗ v) as a finite sum of elements u 1 . . . u k ⊗ w, where For each d 1 we will write down the corresponding maximal vector, which determines d 1 as described above. Let us fix some notation:
denote by Y γ the standard root vector for −γ.
• Denote by W (λ1,λ2) the representation of gl(2, C) ⊆ l (the first node in the Dynkin diagram) with highest weight (λ 1 , λ 2 ), by w λ1−λ2 its highest weight vector, and define w i−2 := 2/(i + λ 1 − λ 2 ) · Y a12 w i inductively.
• Denote by V the standard representation of sp(2n − 4, C) ⊆ l (the last n − 2 nodes) with a symplectic basis {e 3 , . . . , e n , f 3 , . . . , f n }.
• Declare that gl(2, C) acts trivially on V , and also sp(2n − 4, C) on W (λ1,λ2) . Table 1 . New methods are needed to obtain these BGG complexes, which authors are currently working on. Also, weights with multiple singularities (for example (2211) and (2210)) have much smaller singular orbits, but somehow evade this kind of Penrose transform. All such (minimal integral) weights define scalar-generalized Verma modules, so homomorphisms between them are classified in [Mat06] .
Finally, we note that the methods presented here are likely to be applicable to the isotropic Grassmannians iGr(s, 2n) for s > 2, at least in highly-singular cases.
